Macroscopic Quantum Phenomena from the Coupling Pattern and Entanglement
  Structure Perspective by Chou, C H et al.
Macroscopic Quantum Phenomena from the Coupling
Pattern and Entanglement Structure Perspective
C. H. Chou
Department of Physics, National Cheng Kung University, Tainan, Taiwan
Yig˘it Subas¸ı and B. L. Hu
Joint Quantum Institute and Maryland Center for Fundamental Physics,
University of Maryland, College Park, Maryland 20742
Abstract
Entanglement being a uniquely quantum attribute, to gain a better under-
standing of the nature of macroscopic quantum phenomena we explore in this
paper ways to qualify and quantify the quantum entanglement E(M) between
two macroscopic objects by way of model studies. Knowing that a macro-
scopic object is a composite, how does one determine E(M) in terms of the
entanglements between its micro-constituents E(µ)? We assert that the notion
of ‘levels of structure’, the coupling strength between constituents in different
levels, and the use of collective variables to capture the contribution of each
level are all pertinent considerations. To understand how the coupling pattern
amongst the constituents of the two macro objects enters into the picture, we
consider two types of coupling, each constituent particle is coupled to only one
other particle (1-to-1) versus coupled to all particles (1-to-all). In the 1-1 case
with pairwise interactions of equal strength, the entanglement is independent
of the number of constituent particles N in the macroscopic object. In the 1-
to-all case the relative coordinates are decoupled and the center of mass (CoM)
coupling scales with N . Here we expect the entanglement between the CoM
variables to increase with increasing size of the macroscopic objects and survive
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at higher temperatures. For a quantum many body system containing N = 2n
constituents, we provide a proof of the conditions whereby the CoM variable de-
couples, a cause for the special role the CoM variable plays in the entanglement
between two such macroscopic objects. Similar qualitative behavior is found
when the couplings between the constituents of the macroscopic objects are sta-
tistically independent Gaussian random variables. In another model study we
analyzed the entanglement pattern of 4 coupled oscillators in two pairs, repre-
senting the two objects A and B (or two adjacent levels of structure), each with
two constituents. By assigning different coupling strengths we can investigate
the interplay of inter-level entanglement with intra- level interactions repre-
senting tight or weak binding of the constituents within one level of structure.
From the entanglement dynamics of the 4-oscillator system with varying cou-
pling strength we see the entanglement between constituents meeting sudden
death while the CoM variables may sustain over longer times. This offers an-
other way to determine under what conditions quantum entanglement between
macroscopic objects can persist. We explore the implications of our findings for
quantifying the entanglement measure for macroscopic objects which is different
from that of the entanglement entropy dependent on the area of a partition for
a quantum many body system. Finally we mention how the model studies here
bear on quantifying the entanglement in physical systems such of nucleons in a
nucleus, layers of graphene and between DNA macromolecules.
Keywords: Macroscopic quantum phenomena, Quantum entanglement, Open
quantum systems, Many-body theory
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1. Introduction
Macroscopic quantum phenomena (MQP) refer to quantum features in ob-
jects of ‘large’ sizes, systems with many components or degrees of freedom, orga-
nized in some ways where they can be identified as macroscopic objects. What
makes MQP interesting is because in the traditional view ‘quantum’ belongs
to the microscopic domain, in the sense that only ’small’ objects necessitate a
quantum description, while classical mechanics, a limiting case of quantum me-
chanics, is sufficient for the description of the macro world. In the face of new
challenges from macroscopic quantum phenomena, viz, quantum features may
show up even at macroscopic scales, this common belief now requires a much
closer scrutiny, involving possible reformulations and/or re-interpretations. In
addition to the worthy effort invested in the last two decades to gain a better
understanding of the quantum-classical relation, as was the aim of quantum
decoherence studies, and what could be viewed as characterizing the ‘quantum-
ness’ of a system, such as the existence of quantum entanglement in the system,
we note that faced with the challenge of MQP, even a naive and seemingly
unequivocal notion, like what is meant by ‘macroscopic’, need be re-considered.
This emerging field is ushered in by several categories of definitive exper-
iments. A common example of MQP is superconductivity, where the Cooper
pairs can extend to very large scales compared to interatomic distances, and
Bose-Einstein condensate (BEC), where a large number N of atoms occupy the
same quantum state, the N-body ground state. Other important examples are
in nanoelectromechanical devices [1], where the center of mass of a macroscopic
object, the cantilever, is seen to obey a quantum mechanical equation of mo-
tion. Experimental proposals to detect the superposition between a mirror and
the quantum field, and between two mirrors, have been proposed [2, 3] while
the interference pattern formed when a large object composed of C60 molecules
passing through two slits have been observed [4]. Likewise for experiments in
quantum optomechanics, see e.g., [5, 6].
By contrast, this new field, which is rich in open issues at the foundation
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of quantum and statistical physics, remains little explored theoretically (with
the important exception of the work of Leggett [7]). Our attitude on this issue
is not to give up quantum mechanics at a certain meso or macro scale, but to
examine carefully the conditions whereby quantum features may survive at such
scales, or if they don’t, we want to know how and why? There is also a subtle
difference between the term ‘phenomena’ in MQP and macroscopic quantum
mechanics (MQM) [8]. As we see it, MQP explores the quantum features in
macroscopic systems based on quantum mechanics whereas MQM conjures up
the possibility that quantum mechanics as a well-tested theory for microscopic
objects may either yield different results, or need be replaced by a different
theory, at the macroscopic level.
In two recent essays [9, 10] we have suggested two pathways toward under-
standing MQP. The first concerns what macroscopic means – large size? large
number of components? For this we used the O(N) quantum mechanical model
to examine what exactly does the leading order and next-to-leading order large
N behaviour of this theory say – At the large N limit does the system become
classical, as often conjured? We find even at the mean field level when a Gaus-
sian system obeys an equation with the same form as the classical equation of
motion (cf Ehrenfest theorem), the system is not classical but remains quan-
tum in nature. We reckon that there is no a priori good reason why quantum
phenomena in macroscopic objects cannot exist. The second pathway explores
how quantum correlations and fluctuations impact on MQP. Examples we used
to examine this aspect include the running of coupling constants with energy
and scale, the critical behavior of a system near phase transition, with the
help of two-particle-irreducible (2PI) effective action and effective dimensional
reduction in the infrared regime, in the spirit of Kaluza-Klein theories. This
perspective offers a dynamics-dependent and an interaction-sensitive definition
of “macroscopia”.
This paper explores a third avenue, from the quantum entanglement per-
spective. Since, according to Schro¨dinger [11] this is an exclusively quantum
feature, it should be a good measure of quantumness in a system. Quantum
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entanglement has been applied extensively to qualify quantum phase transition
(at zero temperature) [12, 13]. It is also claimed to persist at high temperatures
[14] and large scales [15] under specific conditions and special domains. Tradi-
tionally one expects classical behaviour at high temperatures and large scales,
not quantum.
To explore the entanglement between macroscopic objects, such as had been
suggested in terms of mirror superposition [2, 16], one needs to first ask two
questions: 1) What constitutes a macro object? We mentioned large size, large
number. But how they are put together certainly makes a difference. What
about the degree of complexity of its constituents? What if the constituents
are non-interacting versus interacting? Weakly interacting versus strongly in-
teracting? 2) Which parties are being entangled? Rather, as in the quantum
world in principle everything may be entangled with everything else, the essen-
tial question is, are there ‘representative’ physical variables which capture the
essential features and correctly depict the dynamics of a macroscopic object as
a distinct entity? For example, why is it that an ostensibly macroscopic object
such as a cantilever should follow a quantum equation of motion? – What is the
physical variable of a macroscopic object interacting with an environment which
behaves quantum mechanically? More specifically, why is it that its center of
mass variable does and not other variables, at least not ostensibly?
This “center-of-mass axiom” is implicitly assumed in many descriptions of
MQP but rarely justified. The conditions upon which this can be justified
are explored in [17] with the derivation of a master equation for a system of N
coupled quantum oscillators (NOS) weakly interacting with a finite temperature
bath made of n quantum oscillators, in the form of the HPZ master equation
[18], extending earlier work for 2 coupled oscillators [19]. (A mathematically
more vigorous and complete treatment of NOS system is given in [20].)
The above dissection immediately reveals the importance of how the basic
constituents of the objects interact and are organized in addition to the simple
characterization of micro-meso-macro by their scales and total masses. The
aim of this paper is to find out a way, amongst presumably many, to quantify
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quantum entanglement between macroscopic objects. To do so we need to first
understand how different levels of structure in a macroscopic object contribute
to, or partake of, the entanglement with another object of similar structures.
For this purpose in Sec. 2 we describe the level of structure concept (see,
e.g., [21] in a composite body, the importance of choosing the proper collective
variables, of which the center of mass is the most directly representative, to
capture its behavior and dynamics. We revisit the center of mass axiom shown
in an earlier paper and apply it to address the present issue. Specifically, for
a system composed of N constituents (particles or components), we want to
see what kind of coupling or under what conditions the entanglement would
scale with N. In Sec. 3 we consider two types of coupling configurations, first
(Fig. 1a), when any one constituent of Object A is coupled to one specific
constituent of Object B (called 1-1 or pairwise interaction). The second type
(Fig 1b), is when each constituent of Object A is coupled to all the constituents
of Object B (called 1-to-all interaction). We will show that the latter type is
when MQP would appear, as this interaction configuration scales with N. Next,
we provide another proof of the conditions whereby the CoM variable decouples
in a quantum many body system containing N = 2n constituents, and with this,
the special role the CoM variable plays in the entanglement between the two
such macroscopic objects. In Sec. 4 we look more closely into the specific case of
4 coupled oscillators in two pairs, representing the two objects A (constituents
1, 2) and B (constituents 3, 4). We assign different coupling strengths: α as
that between the two (intra-level) constituents 1-2 or 3-4 in each object, β as
the (inter-level) coupling strength between 1-3 (and also 2-4) (parallel), and γ
between 1-4 (and also 2-3) (cross). Considering α to be large compared to β or
γ refers to strong intra- level interactions or tight binding of constituents within
one object. This model can show the difference between the cases studied in
Sec. 3, namely, the pairwise (1-3, 2-4) interaction versus the one to all (1-3 and
1-4) interaction. As in Sec. 3 we see that it is only in the one-to-all case that the
entanglement scales with N, assuming that entanglement increases with coupling
strength. We then show the entanglement dynamics of the 4-oscillator system
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with varying coupling strength, while distinguishing three cases of entanglement:
The case between the center of mass variables (CoM) of A and B, the case
between the CoM variable of one object A and one constituent particle of B,
and the case between one constituent particle of A and one of B. We see some
pariwise entanglement meets sudden death while others sustain over long time
ranges. This offers another way to determine under what conditions quantum
entanglement between macroscopic objects can persist. Finally in Sec. 5 we
summarize the key findings of this paper, compare with earlier results, and
discuss their implications for the existence of MQP. The model studies here can
in principle be applied to a number of realistic experiments in cold atom and
condensed matter systems.
2. Levels of structure and the special role of collective variables
‘Macroscopic’ conveys a sense of being ‘large’, but what exactly does ‘large-
ness’ mean? Do all the basic constituents of a large object contribute equally
towards its quantum feature? (This point is highlighted in footnote 2 of [17].) In
some cases we may actually know what the basic constituents are and how they
are organized. A C60 molecule is made of carbon atoms, each atom is made of
nuclei and electrons, each nucleus contains a certain number of protons and neu-
trons, each of them in turn is made up of quarks and gluons. Are we to simply
count the number of quarks /gluons or protons /neutrons when we say an object
is macroscopic? Obviously the tight binding of them to form a nucleus enters
into our consideration when we treat the nucleus as a unit which maintains its
own more or less distinct identity, features and dynamics. Thus when one talks
about the mesoscopic or macroscopic behavior of an object one needs to specify
which level of structure is of special interest, and how important each level con-
tributes to these characteristics. The coupling strength between constituents at
each level of structure (e.g., inter-atomic) compared to that structure’s coupling
with the adjacent and remaining levels (which can be treated as an environment
to this specific level of structure in an effective theory description, and its influ-
ence on it represented as some kind of noise [22, 23]) will determine the relative
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weight of each level of structure’s partaking of the macroscopic object’s overall
quantum behavior. Often the best description of the behavior and dynamics of
a particular level of structure is given by an effective theory for the judiciously
chosen “collective variables”.
2.1. Choose the right collective variables before considering their quantum be-
havior
Same consideration should enter when one looks for the “quantumness” of
an object, be it of meso or macro scale. One can quantize any linear system
of whatever size, even macroscopic objects, such as sound waves from their
vibrations. Giving it a name which ends with an “on” such as phonon and
crowning it into a quantum variable is almost frivolous compared to the task of
identifying the correct level of structure and finding the underlying constituents
– the atoms in a lattice in this example, and their interactions. Constructing
the relevant collective variables which best capture the salient physics of interest
should come before one considers their quantum features. Thus, viewed in this
perspective in terms of collective variables, we see that quantum features need
not be restricted to microscopic objects. In fact ‘micro’ is ultimately also a
relative concept as new “elementary” particles are discovered which make up
the once regarded ‘micro’ objects.
We illustrate this idea first with a discussion of the relevance of the center of
mass variable in capturing the quantum features of a macroscopic object, then
in the following sections, with a description of quantum entanglement between
two macroscopic objects.
2.2. The quantum and macroscopic significance of center of mass variable
We can ask the question: what are the conditions upon which the mechanical
and statistical mechanical properties of a macroscopic object can be described
adequately in terms mainly of its center-of-mass (CoM) variable kinematics and
dynamics, as captured by a master equation (for the reduced density matrix,
with the environmental variables integrated out). This is an implicit assump-
tion made in many MQP investigations, namely, that the quantum mechani-
cal behavior of a macroscopic object, like the nanoelectromechanical oscillator
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[24, 1], a mirror [2], or a C60 molecule [4], placed in interaction with an envi-
ronment – behavior such as quantum decoherence, fluctuations, dissipation and
entanglement– can be captured adequately by its CoM behavior. For conve-
nience we refer to this as the ‘CoM axiom’. This assertion is intuitively rea-
sonable, as one might expect it to be true from normal- mode decompositions
familiar in classical mechanics, but when particles (modeled by NHO) interact
with each other (such as in a quantum bound state problem) in addition to in-
teracting with their common environment, all expressed in terms of the reduced
density matrix, it is not such a clear-cut result. At least we have not seen a
proof of it.
With the aim of assessing the validity of the CoM axiom the authors of
[17] considered a system modeled by N harmonic oscillators interacting with
an environment consisting of n harmonic oscillators and derived an exact non-
Markovian master equation for such a system in a bath with arbitrary spectral
density and temperature. The authors outlined a procedure to find a canoni-
cal transformation to transform from the individual coordinates (xi, pi) to the
collective coordinates (X˜i, P˜i), i = 1, ..., N where X˜1, P˜1 are the center-of-mass
coordinate and momentum respectively. In fact they considered a more general
type of coupling between the system and the environment in the form f(xi)qj
(instead of the ordinarily assumed xiqj) and examined if the CoM coordinate
dynamics separates from the reduced variable dynamics. They noted that if
the function f(x) has the property
∑N
i=1 f(xi) = f˜(X˜1) + g(X˜2, ..., X˜N ), for
example f(x) = x or f(x) = x2, one can split the coupling between the system
and environment into couplings containing the CoM coordinate and the relative
coordinates. Tracing out the environmental degrees of freedom qi, one can easily
get the influence action which characterizes the effect of the environment on the
system.
However, as the authors of [17] emphasized, the coarse-graining made by
tracing out the environmental variables qi does not necessarily lead to the sep-
aration of the CoM and the relative variables in the effective action. When
they are mixed up and can no longer be written as the sum of these two con-
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tributions, the form of the master equation will be radically altered as it would
contain both the relative variable and the center-of-mass variable dynamics.
With these findings they conclude that for the N harmonic oscillators quan-
tum Brownian motion model, the coupling between the system and the envi-
ronment need be bi-linear, in the form xiqj , for this axiom to hold. They also
proved that the potential Vij(xi−xj) is independent of the center-of-mass coor-
dinate. In that case, one can say that the quantum evolution of a macroscopic
object in a general environment is completely described by the dynamics of the
center-of-mass canonical variables (X˜1, P˜1) obeying a master equation of the
HPZ [18] type.
What is the relevance of this finding to MQP? Within the limitations of the
N harmonic oscillator model it conveys at least two points: 1) For certain types
of coupling the center of mass (CoM) variable of an object composed of a large
number of constituents does play a role in capturing the collective behavior
of this object 2) Otherwise, more generally, the environment-induced quantum
statistical properties of the system such as decoherence and entanglement could
be more complicated. (For a similar conclusion considering the cross level (of
structure) coarse-graining, see [25].)
We next investigate the quantum entanglement between two macroscopic
objects, comparing the entanglement between the micro-variables of their con-
stituents in two types of couplings: one-to-one and one-to-many. The very
different natures between these two types serve to illustrate the relevance of
how the micro-constituents organize into a macro object and how entanglement
between collective variables reveals the quantum features of a macroscopic en-
tity.
2.3. Two different interaction patterns
We first apply the methods developed in [17] to the study of the entanglement
between the CoM coordinates of two macroscopic objects. Each macroscopic
object is modeled by N identical coupled oscillators (NOS). However, unlike
[17], we do not include an environment in our discussion because our focus is
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on the entanglement between the two objects induced by various types of direct
interactions between their microscopic constituents. We denote the coordinates
and the momenta of the microscopic constituents of the two macroscopic objects
A and B by {xAi, pAi} and {xBi, pBi} respectively. The interactions between the
microscopic constituents of one macroscopic object are assumed to be functions
of the difference of variables only and we restrict ourselves to bilinear couplings
between the microscopic constituents of the two macroscopic objects. The total
Hamiltonian is then given by:
HA =
N∑
i=1
(
p2Ai
2M
+
1
2
MΩ2x2Ai
)
+
N∑
i 6=j
Vij (xAi − xAj) , (2.1)
HB =
N∑
i=1
(
p2Bi
2M
+
1
2
MΩ2x2Bi
)
+
N∑
i 6=j
Vij (xBi − xBj) , (2.2)
HI =
N∑
i,j
gijxAixBj . (2.3)
The canonical transformation described in the Appendix A of [17] can be ap-
plied to each object separately to yield a new set of phase space variables{
X˜Ai, P˜ nAi
}
and
{
X˜Bi, P˜Bi
}
and the associated masses M˜i. Here X˜A1 =
1
N
∑N
n=1 xAi and X˜B1 =
1
N
∑N
n=1 xBi are the CoM coordinates. The Hamil-
tonians of the macroscopic objects can be written in terms of these variables
as:
HA =
∑N
i=1
(
P˜n
2
Ai
2M˜i
+ 12M˜iΩ
2X˜2Ai
)
+ V˜
(
X˜A2, · · · , X˜AN
)
= HA,CoM +HA,REL,(2.4)
HB =
∑N
i=1
(
P˜ 2Bi
2M˜i
+ 12M˜iΩ
2X˜2Bi
)
+ V˜
(
X˜B2, · · · , X˜BN
)
= HB,CoM +HB,REL.(2.5)
It has been proven in [17] that the potential V˜ is not a function of the CoM
variable. This is a consequence of the form assumed for the potential energy.
For a general bilinear coupling characterized by gij the interaction Hamiltonian
HI can take on a complicated form, possibly mixing the CoM variables with the
relative variables.
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In what follows we will focus on two particular choices of gij , inspired by
Martins [26]. The use of the new set of canonical variables which include the
CoM will help interpret the behaviour of macroscopic entanglement.
2.3.1. Pairwise interaction pattern
The pairwise interaction pattern is defined by gij = λδij (see Fig. 1(a)).
In other words one constituent particle modeled by an oscillator from object
A couples to one oscillator from object B, assuming that all pairwise couplings
have the same strength. Using the canonical transformation of [17] it can be
shown that the interaction Hamiltonian takes the form:
HI =
∑N
i
λ
M M˜iX˜AiX˜Bi. (2.6)
Note that pairwise interactions among the original variables translate into pair-
wise interactions among the transformed variables. A very important difference
is that whereas the pairwise interactions in the original variables were all of equal
strength, the strength of the interactions scale with the mass of the variables af-
ter the transformation. As a result the relative strength of interactions between
variable pairs are the same for all the variables, including the CoM. To see this
explicitly let us consider the case with V˜ = 0 for simplicity, namely the micro-
constituents of each macroscopic object do not interact with each other. Then
we rescale the coordinates by X˜Ai → X¯Ai
√
M/M˜i and X˜Bi → X¯Bi
√
M/M˜i,
after which the Hamiltonian takes the form:
H =
∑N
i=1
(
P¯ 2Ai
2M +
1
2MΩ
2X¯2Ai +
P¯ 2Bi
2M +
1
2MΩ
2X¯2Bi + λX¯AiX¯Bi
)
. (2.7)
In this form it is easy to see that the effective strength of interactions in the
CoM variable is the same as the effective strength of interactions in all the other
variables. Hence the pairwise interaction pattern will induce the same amount
of entanglement between pairs of transformed variables, without distinguishing
the CoM variable. Entanglement between non-CoM variables would be effected
if the interactions among the oscillators within the same object, i.e. Vij , are not
set to zero.
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(a) (b)
A AB B
Figure 1: Schematic representation of the two types of couplings studied in this paper: (a)
Pairwise interaction pattern (b) One-to-all interaction pattern
If we only focus on the effect of the pairwise interactions, it is fair to say that
such interactions couple the pairwise transformed variables with equal effective
strength independent of the size N of the macroscopic objects. As a consequence
we expect the behavior of entanglement between the corresponding variables
of the objects to be independent of the size of the macroscopic objects, even
for the CoM coordinate. For instance, at a given temperature the amount of
entanglement between the two corresponding variables of the objects will not
depend on N . The critical temperature above which the entanglement ceases
to exist also should not depend on N .
2.3.2. One-to-all interaction pattern
The one-to-all interaction pattern is characterized by gij = λ (see Fig. 1(b)).
Then it is easy to see that the interaction Hamiltonian in the transformed vari-
ables takes the form:
HI = N
2λX˜A1X˜B1. (2.8)
Note that one-to-all interaction pattern corresponds to a coupling only between
the CoM variables of the macroscopic objects, the relative variable Hamiltonian
is unaffected. Thus one-to-all pattern differs from the pairwise pattern in that
it distinguishes the CoM variable. Moreover if we perform the same rescaling of
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the previous section to determine the effective strength of this coupling we get:
HCoM =
P¯ 2A1
2M
+
1
2
MΩ2X¯2A1 +
P¯ 2B1
2M
+
1
2
MΩ2X¯2B1 +NλX¯A1X¯B1. (2.9)
We see that the effective strength of the coupling increases with increasing
N for the one-to-all pattern. Thus in this case we expect the entanglement
between the CoM variables to increase with increasing size of the macroscopic
objects and survive at higher temperatures. The one-to-all interaction pattern
is crucial for the scaling of the entanglement of CoM variables with N . Hence
it is important to investigate if this type of interaction pattern can occur in
realistic situations and if so how common it is. In the Discussion section we will
present a different perspective in understanding the one-to-all coupling case, as
characterizing different identical constituents at the same level of structure of
one macro-object rather than between the two objects.
3. Conditions for CoM variable to decouple and its role in MQP
In this section we derive the necessary and sufficient conditions for the CoM
variables of two macroscopic objects to decouple from the rest of the degrees
of freedom. The macroscopic objects are modeled by N coupled oscillators
and interact via bilinear couplings. Eqs.(2.4, 2.5) show that HA and HB obey
the CoM axiom independently. Below, we demonstrate under which conditions
HI = HI,CoM + HI,REL where HI,CoM is a function of the CoM coordinates
of both macroscopic objects only and HI,REL does not depend on the CoM
coordinates of either object. Specifically, we will derive the conditions under
which
HI = HI,CoM (X˜A1, X˜B1) +HI,REL(X˜A2, · · · , X˜AN , X˜B2, · · · , X˜BN )
= G˜11X˜A1X˜B1 +
∑
i,j 6=1
G˜ijX˜AiX˜Bj (3.1)
To this end we follow the strategy adopted in Appendix C of Ref.[17] and de-
termine the functional form of HI by calculating its partial derivatives.
∂HI
∂X˜A1
=
∑
i,j
gij
(
∂xAi
X˜A1
)
xBj =
∑
j
xBj
(∑
i
gij
)
(3.2)
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where in the second equality we used ∂xAi/∂X˜A1 = 1 for all i, which can
be shown by explicitly constructing a coordinate transformation whereby one
coordinate is the CoM coordinate. For an example consider the construction
described in the Appendix B of [17] or the explicit construction described in
Section 3.1 of this paper, albeit with a different normalization for the CoM
coordinate. Since we want HI to have the form given by Eq.(3.1) we require
N
∑
i gij = G˜11, which is independent of j. Repeating this derivation by replac-
ing subscript A with B we obtain the second condition that N
∑
j gij = G˜11,
which is independent of i. To summarize, the necessary and sufficient conditions
for the CoM variables of both macroscopic objects to decouple from the relative
coordinates is:
G˜11 = N
∑
i
gij = N
∑
j
gij . (3.3)
If we do the same rescaling as in Eq. (2.7) we obtain:
HI,CoM = G¯11X¯A1X¯B2 (3.4)
G¯11 =
N∑
i=1
gij =
N∑
j=1
gij (3.5)
As a quick check it can be easily verified that both the “pairwise” and “one-
to-all” couplings satisfy this condition with G¯11 = λ and G¯11 = Nλ respectively.
These results agree with Eq. (2.7) and Eq. (2.9).
Up to this point we have only discussed two different patterns of couplings
in detail, the pairwise and one-to-all. By analyzing Eq. (3.5) we can see how
the effective coupling strength of the CoM variables will behave for different
patterns. For instance, if the summations converge as N → ∞ we conclude
that in the thermodynamic limit the effective coupling strength of the CoM
variables is an intrinsic quantity, independent of the size of the system. The
only interaction pattern for which the effective coupling strength is extensive is
the one-to-all pattern. Any other pattern for which the summation in Eq. (3.5)
is divergent corresponds to an effective coupling that increases with the system
size. If |gij | > |gik| for k > j > i >, this corresponds to a sub-linear growth.
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For example:
gij =
λ
(i− j)modN + c1 , where c1 is a constant, (3.6)
G¯11 = λ
N∑
i=1
1
(i− j)modN + c1 = λ
N−1∑
i=0
1
i+ c1
−−−−−−→
limN→∞
log(N) + c2,(3.7)
where c2 is a constant that depends on c1 and we used the convention (−i)modN =
N − i for i < N . The reason we used (i− j)modN in the interaction term is in
order to satisfy the condition Eq. (3.9). We see that in the thermodynamical
limit the effective interaction strength scales as log(N).
3.1. Explicit Canonical Transformation for N = 2n
In this section we describe a change of coordinates from the original set
{xAi, xBi} into a new set {XAi, XBi}. This new canonical transformation is
more symmetric than the one used in the previous section and in [17], and
allows for a general analysis for N = 2n, where n is an arbitrary integer. Since
we are mainly interested in the behavior of the CoM coordinate (and how it
differs from the rest of the coordinates), we require that the new set includes
two coordinates XA1 and XB1, which correspond to the CoM of objects A and
B. 1
This set of new coordinates allow us to generalize our previous analysis to
include randomness in the couplings between the microscopic constituents of ob-
jects A and B which is shown in the next subsection. Our results show that the
CoM variable is singled out by i.i.d. (independent and identically distributed)
random couplings between the micro-variables. Moreover, the properties of the
canonical transformation provide insights into the reason why the CoM variable
is special.
To distinguish this set of coordinates from those defined in Section 2.3 we
drop the tilde. The transformation described below is only valid for N = 2n.
1Note however that these are not the standard CoM coordinates but are rescaled by a
factor of
√
N , i.e. XA1 = (xA1 + · · · + xAN )/
√
N . See Figure 3.1 for the definition of the
rest of the coordinates. This rescaling is purely conventional and does not effect the physical
conclusions drawn about the CoM.
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However, this is enough for our purpose of addressing MQP for large N .
Let AN be the matrix associated with the linear transformation from the
original coordinates x = {xi} to the new coordinates X = {Xi}. In the rest
of the paper we denote vectors and matrices with bold characters, whereas
individual entries will be indicated by regular characters with subscripts. Then
X = AN · x. (3.8)
Explicit form of AN for N = 1, 2, 4, 8 is given in Figure 3.1 and the procedure
for obtaining N = 2n for arbitrary integer n is described. For brevity of notation
the subscript N will be dropped in the rest of this section. A nice property of
the transformation matrix is that A−1 = A = AT . Note that A has the first
column (row) of identical entries, which corresponds to the CoM coordinate.
The relative coordinates defined in this section are different from those used in
Section 2.3 as defined in [17]. The coordinates of this section are in a way more
symmetric; for instance all the associated masses are equal to the original mass
M . Demanding this symmetry together with the condition that there are two
coordinates proportional to the CoM of each object forces a specific form on the
matrix A: all the columns (rows) corresponding to the relative coordinates have
half of the entries with positive and the other half negative sign. This property,
which singles out the CoM coordinate kinematically, will play an important role
in the proceeding analysis.
Using the transformation (3.8) we can write the Hamiltonian for the new set
of canonical variables. In this section we will set Vij = 0 since we are interested
in the effect of interactions between the constituents of the two macroscopic
objects. The Hamiltonians HA and HB preserve their original form under the
transformation since ATA = 1. The interaction Hamiltonian becomes:
HI =
∑
ij
XAiGijXBj , G = A · g ·A. (3.9)
As a quick check of this formalism we calculate G for the pairwise and one-to-all
interaction patterns studied in Sections 2.3.1 and 2.3.2. For pairwise interactions
gab = λδab and we get Gij = λ
∑
abAiaδabAbj = λ
(
A2
)
ij
= λ1ij = λδij . Note
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Figure 2: AN is the transformation matrix from the original coordinates to the new set of
coordinates which include the CoM. A procedure to explicitly construct AN is illustrated
above for N = 2n. If A2n is known, A2n+1 can be constructed by copying the block matrix
A2n to the the off-diagonal blocks and by putting the negative of it to the lower diagonal.
Note that any transformation matrix for a smaller N can be obtained by restricting to the
upper left corner of the larger matrix.
that each coordinate is coupled with equal strength in this type of coupling
(there was no need to renormalise the coordinates since the associated masses
are already equal in this set of coordinates). For one-to-all interactions we
have gab = λ which translates to Gij = λ
∑
abAiaAbj = λ (
∑
aAia) (
∑
bAbj) =
Nλδi1δ1j . Note that only the CoM coordinates are coupled in this type of
interaction and the coupling strength scales as N , which agrees with previous
analysis.
3.2. Independent and Identically Distributed Gaussian Couplings
In previous sections we treated coupling patterns that are deterministic. It
is reasonable to ask whether the conclusions we reach about the significance of
the CoM coordinate and its decoupling from the relative coordinates are stable
under perturbations. To investigate this issue, we reconsider the one-to-one and
one-to-all patterns and this time allow for Gaussian variations around the non-
zero coupling strengths. Our analysis shows that the conclusions of previous
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sections regarding the significance of the CoM variable and the decoupling of it
from the relative coordinates are not altered by the addition of fluctuations.
Note that in what follows we do not allow for fluctuations in the vanishing
coupling strengths, for example the non-pairwise coupling strengths in the one-
to-one pattern (see Eq. (3.15)). We motivate this choice by noting that the
vanishing couplings can be the result of a constraint based on symmetry or
geometry and thus immune to fluctuations. On the other hand, to assume that
the values of non-zero coupling constants are fixed without fluctuations would
be more difficult to justify.
3.2.1. One-to-all Pattern
With the canonical transformation of the previous section we can address the
case where the coupling constants gij are sampled from identical independent
Gaussian distributions characterised by the mean and variances:
〈gab〉 = g¯ (3.10)
〈gabgcd〉 − 〈gab〉〈gcd〉 = δacδbdσ2g (3.11)
We now ask the question, how do the coupling constants Gij behave? We can
use the transformation (3.8) and the properties of the matrix A to calculate the
statistical properties as:
〈Gij〉 =
∑
ab
Aia〈gab〉Abj
= g¯
(∑
a
Aia
)(∑
b
Abj
)
= Ng¯δi1δj1 (3.12)
〈GijGkl〉 = 〈
∑
ab
AiagabAbj
∑
cd
AkcgcdAdl〉
=
∑
abcd
AiaAbjAkcAdl
(
g¯2 + δacδbdσ
2
g
)
= N2g¯2δi1δj1δk1δl1 + σ
2
g
(
A2
)
ik
(
A2
)
jl
〈GijGkl〉 − 〈Gij〉〈Gkl〉 = σ2gδikδjl (3.13)
Thus if the couplings between the constituents of the macroscopic objects are
statistically independent Gaussian random variables, the corresponding cou-
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plings between the new variables are also independent Gaussian random vari-
ables, which follows from the fact that the new and old variables are related
by a linear transformation. The main difference is that only the CoM-to-CoM
coupling has a nonvanishing expectation value which is equal to the expectation
value of the couplings of the original coordinates multiplied by N . As expected,
the average behavior is that of the deterministic rule around which we are per-
turbing. On the other hand the coupling constants of all of the new coordinates,
i.e. both CoM and relative coordinates, have the same variance that is the same
as the variance of the couplings of the original coordinates. Note that the fluctu-
ations of the CoM coupling become negligible in the thermodynamic limit, but
not those of the relative coordinates. Thus the conclusions of previous sections
about the CoM hold with respect to the perturbations considered here and in
the thermodynamic limit.
3.2.2. One-to-one Pattern
Here we repeat the analysis of the previous section for the one-to-one cou-
pling pattern. The coupling constants gij are sampled from identical indepen-
dent Gaussian distributions characterised by the mean and variances:2
〈gab〉 = g¯δab (3.14)
〈gabgcd〉 − 〈gab〉〈gcd〉 = δabδacδbdσ2g (3.15)
We now ask the question, how do the coupling constants Gij behave? After
some algebra we get:
〈Gij〉 =
∑
ab
Aia〈gab〉Abj = g¯
(∑
a
AiaAaj
)
= g¯δij(3.16)
〈GijGkl〉 = 〈
∑
ab
AiagabAbj
∑
cd
AkcgcdAdl〉
=
∑
abcd
AiaAbjAkcAdl
(
g¯2δabδcd + δabδacδbdσ
2
g
)
= g¯2δijδkl + σ
2
g
∑
a
(AiaAjaAkaAla)
2Note the difference with Eq. (3.11) in the variance term. As mentioned before, we allow
for fluctuations of couplings with non-vanishing means only.
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|〈GijGkl〉 − 〈Gij〉〈Gkl〉| ≤ σ2g/N. (3.17)
In the last step we used the fact that the matrix elements of A are ±1/√N to
conclude that |∑a (AiaAjaAkaAla)| ≤ 1/N . We see that, unlike the one-to-all
case, the CoM coupling behaves the same as those of the relative coordinates
and for CoM as well as relative coordinates the fluctuations become negligible
in the thermodynamic limit.
4. Inter- and Intra- Level-of-Structure Entanglement in 4 Coupled-
Oscillator System
In the above section we showed how the scaling with N depends on the type of
couplings amongst the constituent particles of two objects and provided formal
proofs for the decoupling of the center of mass variables. In this section we use
an explicit model calculation to illustrate the ideas presented in prior sections,
namely, the level of structure scheme in the consideration of entanglement of
composite objects, and the special role of the CoM variables in the consideration
of macroscopic entanglement. The model is made up of 4 coupled oscillators in
two pairs representing the two objects A (constituents 1, 2) and B (constituents
3, 4) 3. We assign different coupling strengths: α as that between the two (intra-
level) constituents 1-2 or 3-4 in each object, β as the (inter-level) coupling
strength between 1-3 and also 2-4 (parallel), and γ between 1-4 and also 2-3
(cross). Considering α to be large compared to β or γ refers to strong intra-
level interactions or tight-binding of constituents within one level of structure.
This model can show the difference between the cases studied in Sec. 3, namely,
the pairwise (1-3, 2-4) interaction versus the one to all (1-3 and 1-4) interaction.
As in Sec. 3 we see that it is only in the one-to-all case that the entanglement
scales with N. After this we calculate the entanglement dynamics of the 4-
oscillator system with disparate coupling strength, while distinguishing three
3In the level of structure scheme (A, B) can be viewed as at a higher level of structure
(more composite in nature, such as nucleons) than (1,2) or (3, 4) at a lower level of structure
(more ’elementary’, such as quarks). To contrast the two levels of structure we may refer to
them as ‘macro’ vs micro-objects with no harm done.
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cases of entanglement: The case between the center of mass variables (CoM) of
A and B, the case between the CoM variable of one object A and one constituent
particle of B, and the case between one constituent particle of A and one of B. We
see some pariwise entanglement meets sudden death while others sustain over
long time ranges. This offers another way to determine under what conditions
quantum entanglement between macroscopic objects can persist.
4.1. The 4 oscillator model
The total Hamiltonian of the system of 4 coupled harmonic oscillators of
equal masses but disparate coupling strength as described above is given by
H =
∑
a={A,B}
∑
j={1,2}
(
1
2
x˙2aj +
k
2
x2aj) + α(xA1xA2 + xB1xB2) (4.1)
+β(xA1xB1xA2xB2) + γ(xA1xB2 + xA2xB1)
≡ T + U (4.2)
where T =
∑
a,j
1
2 x˙
2
aj , U =
1
2
∑
a,j,a′,j′ xajVaja′j′xaj′ and we have set the mass
of each oscillator to unity. We use indices a, a′ to label the objects A, B and j, j′
to label the constituent particles. The uij characterizes the interactions among
the oscillators and has the matrix form
V =

k α β γ
α k γ β
β γ k α
γ β α k
 (4.3)
This Hamiltonian can be diagonalized into the form
H =
4∑
i=1
(
1
2
η˙2i +
ω2i
2
η2i ), (4.4)
where ω21 = k+α+β+γ, ω
2
2 = k+α−β−γ, ω23 = k−α+β−γ, ω24 = k−α−β+γ.
The ηi could be written in terms of the center-of-mass (XA1 =
1
2 (xA1 + xA2))
and relative coordinates (XA2 = xA1−xA2) of object A and similarly for object
B. The explicit form of ηi are
η1 =
1
2
(xA1 + xA2 + xB1 + xB2) = XA1 +XB1
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η2 =
1
2
(xA1 + xA2 − xB1 − xB2) = XA1 −XB1
η3 =
1
2
(xA1 − xA2 + xB1 − xB2) = 1
2
(XA2 +XB2)
η4 =
1
2
(xA1 − xA2 − xB1 + xB2) = 1
2
(XA2 −XB2) (4.5)
As a simple illustration we assume that at time (t = 0) the couplings among
the four oscillators were zero and the initial wave function of the system was
the direct product of the Gaussian ground state wave function of each oscillator,
i.e., Ψ(xA1, xA2, xB1, xB2; 0) = ψ0(xA1)ψ0(xA2)ψ0(xB1)ψ0(xB2), where ψ0(x) =
(ω0pi~ )
1/4 exp(−ω0x22~ ). At time t > 0 the interactions among the oscillators were
turned on and the total system is then driven by the Hamiltonian H and the final
wave function at time t is Ψ(xA1, xA2, xB1, xB2; t) which can be easily obtained
from the evolution operator of the system.
4.2. Entanglement measure for continuous variables
There are well defined measures of entanglement for continuous variables.
Define the two-point correlation matrix V (Qj , Qi) with elements
Vµν(Qj , Qi)(t) = 〈 Rµ,Rν 〉 ≡ 1
2
〈 (RµRν +RνRµ) 〉 (4.6)
where Rµ = (Qˆj , Pˆj , Qˆi, Pˆi), µ, ν = 1, 2, 3, 4. Note that here Pˆi is the conju-
gate momentum operator of Qˆi and the Q could be x, η,X, or R. The par-
tial transpose of V(Qj , Qi, t) is V
PT (Qj , Qi, t) = ΛV(Qj , Qi, t)Λ, where Λ =
diag(1, 1, 1,−1). Starting with the Gaussian initial state, Ψ(xA1, xA2, xB1, xB2, 0)
, the reduced density matrix or Wigner function of the two oscillators is always
Gaussian by virtue of the quadratic structure of the Hamiltonian of our model.
Therefore the oscillator Qi and oscillator Qj is entangled at time t if and only
if [27]
Σ(Qj , Qi, t) ≡ det
[
VPT (Qj , Qi, t) + i
~
2
M
]
< 0 (4.7)
where
M ≡

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
 (4.8)
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is a symplectic matrix. Note that when Σ ≤ 0 the behavior of Σ is quite
similar to the behavior of the negative eigenvalues which are connected to the
logarithm negativity [28]. Thus the value of Σ itself is a good indicator of the
degree of entanglement, at least in this specific model. It is then straightforward
(although somewhat tedious) to obtain the analytic form of Σ(Qj , Qi, t) and
hence the entanglement dynamics.
Below we calculate the two-point correlation matrix V and Σ for various
degrees of freedom in this model and discuss the implications on MQP.
4.3. Entanglement Dynamics with Pairwise Disparate Coupling
We now study the entanglement structure and its dynamics for different
pairs of variables, those which represent the objects A, B – specifically the CoM
variables XA, XB and the relative coordinates RA, RB – and those represent-
ing the constituents particles (1, 2), (3, 4). In this way we can see how these
variables and how the inter-level and intra-level coupling strengths enter into
the entanglement structure. The results ranges from the somewhat obvious,
such as that Σ(XA, RA, t) = Σ(XA, RB , t),Σ(XA, XB , t) = 2Σ(XA, xB1, t), and
Σ(XA, xB1, t) = Σ(RA, xB1, t) to the more complicated and subtle, such as the
existence of sudden death for certain pairs of variables and others which persists,
as illustrated in the figures.
We divide into two categories, that when the intra-level coupling strength α
is zero or nonzero. One can think of the former as depicting systems with very
weak coupling amongst the constituent particles (molecular gas) and the latter
as objects with stronger constituent couplings (solid body). We will present
the formal results in the following and attempt to understand their physical
relevance in the next section. Note that α = 0 is a special case for Sec. 3.
4.3.1. Entanglement Dynamics for α = 0
In this category there is no direct interactions between the constituents of
each object. We will then concentrate on the interactions between objects A
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Figure 3: Entanglement dynamics for the non-interacting pairwise interaction case. Fig-
ure (a) shows the entanglement dynamics of Σ(XA, xB1, t)(in blue), Σ(xA1, xB1, t)(in pur-
ple). Figure (b) shows the entanglement dynamics of Σ(XA, XB , t), Σ(XA, RB , t)(in purple),
Σ(RA, RB , t)(in yellow). It can be shown that Σ(XA, RA, t) = Σ(XA, RB , t),Σ(XA, XB , t) =
2Σ(XA, xB1, t), and Σ(XA, xB1, t) = Σ(RA, xB1, t) irrespective of the couplings. In these
Figures we set α = γ = 0, β = 0.5,m = ~ = 1, ω = 2. Under this special choice of param-
eter Σ(xA1, xB1, t) is almost twice Σ(XA, xB1, t) and Σ(XA, XB , t) = Σ(RA, RB , t). These
can be easily understood from the definition of COM and relative coordinates. Note that
Σ(xA1, xB1, t) < 0 for t > 0 hence there is always quantum entanglement between x1 and x3
once the coupling between them, β, was turned on.
and B 4 There are two special subcases:
• β 6= 0, γ = 0: pairwise interaction case. Oscillator 1(2) in subsystem A
couples only to oscillator 3(4) in subsystem B. Fig. 3(a) shows the en-
tanglement dynamics of Σ(XA, xB1, t),Σ(xA1, xB1, t) and Fig. 3(b) shows
the entanglement dynamics of Σ(XA, XB , t),Σ(XA, RB , t),Σ(RA, RB , t).
Note that Σ(XA, RB , t) = Σ(XA, RA, t) ≥ 0 in this case and hence there
is no entanglement among XA and RB(RA).
• β = γ 6= 0: one-to-all case. Oscillator 1(2) in subsystem A couples to both
oscillator 3 and 4 in subsystem B with equal strength. Fig. 4(a) shows
the entanglement dynamics of Σ(XA, xB1, t),Σ(xA1, xB1, t) and Fig. 4(b)
shows the entanglement dynamics of Σ(XA, XB , t),Σ(XA, RB , t),Σ(RA, RB , t).
Note that Σ(RA, RB , t) = 0 in this case (β = γ). Hence there is no entan-
glement among RA and RB .
4In the spirit of the level-of-structure scheme, we may also refer to them as at a higher
level of structure, or simply subsystems A and B.
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Figure 4: Entanglement dynamics for the non-interacting one-to-all case. Figure (a) shows the
entanglement dynamics of Σ(XA, xB1, t)(in blue), Σ(xA1, xB1, t)(in purple). Figure (b) shows
the entanglement dynamics of Σ(XA, XB , t)(in blue). Here α = 0, β = γ = 0.5,m = ~ = 1,
ω = 2. Note that under these parameters Σ(XA, RB , t) = Σ(RA, RB , t) = 0 and do not
appear in Figure (b). Here one can see for the on-to-all case, Σ(XA, xB1, t) ≈ 2Σ(xA1, xB1, t)
hence the COM axion applies as explained in Sec. 3.0.2.
4.3.2. Entanglement Dynamics for α 6= 0
Now let’s turn on the interactions among the oscillators of each subsystem
A, B. In this case α 6= 0. We consider the following subcases.
• β 6= 0, γ = 0: pairwise interaction case. Fig. 5(a) shows the entanglement
dynamics of Σ(XA, xB1, t),Σ(xA1, xB1, t) and Fig. 5(b) shows the entan-
glement dynamics of Σ(XA, XB , t),Σ(XA, RB , t),Σ(RA, RB , t). Note that
Σ(XA, RB , t) = Σ(XA, RA, t) ≥ 0 in this case and hence there is no en-
tanglement among XA and RB(RA).
• α = β = γ 6= 0: special one-to-all case. Fig. 6(a) shows the entanglement
dynamics of Σ(XA, xB1, t),Σ(xA1, xB1, t) and Fig. 6(b) shows the entan-
glement dynamics of Σ(XA, XB , t),Σ(XA, RB , t),Σ(RA, RB , t). Note that
in this special case we have Σ(RA, RB , t) = 0 in this case (β = γ). Hence
there is no entanglement among RA and RB . Also it is found that when
α = β = γ, Σ(XA, XB , t) = 2Σ(XA, xB1, t) = 4Σ(xA1, xB1, t).
• α  β = γ 6= 0: strongly interacting one-to-all case. Fig. 7(a) shows
the entanglement dynamics of Σ(XA, xB1, t),Σ(xA1, xB1, t) and Fig. 7(b)
shows the entanglement dynamics of Σ(XA, XB , t),Σ(XA, RB , t),Σ(RA, RB , t).
In this strong coupling regime, the entanglement dynamics of Σ(xA1, xB1, t)
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Figure 5: Entanglement dynamics for the interacting pairwise interaction case. Figure (a)
shows the entanglement dynamics of Σ(XA, xB1, t)(in blue), Σ(xA1, xB1, t)(in purple). Fig-
ure (b) shows the entanglement dynamics of Σ(XA, XB , t)(in blue), Σ(XA, RB , t)(in purple),
Σ(RA, RB , t)(in yellow). Here α = β = 0.5, γ = 0,m = ~ = 1, ω = 2. One can see the effect
of the coupling parameter α 6= 0 makes the peak values of Σ(XA, xB1, t) and Σ(xA1, xB1, t)
differ by a sizable amount. Σ(XA, RB , t) ≥ 0 (although very small and can hardly read from
the figure) in this case, this reflects the separability of the states in the Hilbert spaces of XA
and RB . That means XA and RB are always separable. It’s interesting to note that the
entanglement between RA and RB is even stronger than the entanglement among XA and
XB in this case.
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Figure 6: Entanglement dynamics for the interacting one-to-all case. Figure (a) shows the
entanglement dynamics of Σ(XA, xB1, t)(in blue), Σ(xA1, xB1, t)(in purple). Figure (b) shows
the entanglement dynamics of Σ(XA, XB , t)(in blue). Here α = β = γ = 0.5,m = ~ = 1,
ω = 2. Σ(XA, xB1, t) = 2Σ(xA1, xB1, t) as expected from the COM axiom even now the
coupling between oscillators in each macroscopic object, α, is non-zero. Combined with the
fact that Σ(XA, XB , t) = 2Σ(XA, xB1, t), one has Σ(XA, XB , t) = 4Σ(xA1, xB1, t) under this
special α = β = γ case. Hence the COM coordinate does play a very special role in macroscopic
quantum phenomena as illustrated in this section. Σ(XA, RB , t)= Σ(RA, RB , t)=0 and do not
appear in Figure (b).
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Figure 7: Entanglement dynamics for the strong interacting one-to-all case. Figure (a) shows
the entanglement dynamics of Σ(XA, xB1, t)(in blue), Σ(xA1, xB1, t)(in purple). Figure (b)
shows the entanglement dynamics of Σ(XA, XB , t)(in blue). Here α = 1.5, β = γ = 0.5,m =
~ = 1, ω = 2. Two major feature differences as compared to α = β = γ case. One is
that |Σ(XA, xB1, t)| is larger than twice the amount of |Σ(xA1, xB1, t)|. The other feature is
the entanglement dynamics of Σ(xA1, xB1, t) shows the sudden death and revival phenomena
while those for Σ(XA, xB1, t) does not. Σ(XA, RB , t)= Σ(RA, RB , t)=0 and do not appear in
Figure (b).
shows the sudden death and revival phenomena. It’s interesting to note
that Σ(XA, xB1, t) ≤ 0 while Σ(xA1, xB1, t) can be greater than zero for
some finite period of time. This can be easily understood as follows: As
the coupling α between the constituents among each macro-objects (A
or B) gets stronger and stronger, the correlations among them become
stronger hence the entanglement among the micro-constituents (xA1, xB1)
will be strongly affected by the strong coupling between xA1 and xA2 (and
also xB1 and xB2). This will make the entanglement between xA1 and xB1
vanish for some time intervals. However the two macro-objects (A and B)
will interact mainly through the coupling β in the one-to-all case hence
the entanglement between XA and xB1 still holds.
• β = γ  α 6= 0: weak interacting one-to-all case. Fig. 8(a) shows the en-
tanglement dynamics of Σ(XA, xB1, t),Σ(xA1, xB1, t) and Fig. 8(b) shows
the entanglement dynamics of Σ(XA, XB , t),Σ(XA, RB , t),Σ(RA, RB , t).
This is similar to the α = 0, β = γ case. The effect of the small nonzero
coupling α will slightly reduce the amount of entanglement.
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Figure 8: Entanglement dynamics for the weak interacting one-to-all case. Figure (a) shows
the entanglement dynamics of Σ(XA, xB1, t)(in blue), Σ(xA1, xB1, t)(in purple). Figure (b)
shows the entanglement dynamics of Σ(XA, XB , t)(in blue). Here α = 0.1, β = γ = 0.5,m =
~ = 1, ω = 2. Note that under these parameters Σ(XA, RB , t) = Σ(RA, RB , t) = 0 and do not
appear in Figure (b). Here one can see for the on-to-all case, Σ(XA, xB1, t) ≈ 2Σ(xA1, xB1, t)
hence the COM axiom applies as explained in Sec. 3.0.2. The effect of the coupling makes
the amount of entanglement being slightly reduced as compared to the noninteracting case as
those in Figure 3(where α = 0).
In summary, the 4 harmonic oscillators case gives a concrete example sup-
porting the physical arguments and analysis in previous sections. Here we pro-
vide the entanglement structure and dynamics depending on whether there is
interaction (coupling strength = α) among constituent oscillators of each sub-
system. We analyze two special cases: one-to-one(pairwise) and one-to-all in
detail. (i). No quantum entanglement between the center-of-mass XA and the
relative coordinates RA(RB). (ii). For non-interacting (α = 0) one-to-one case
Σ(XA, xB1, t) ≈ 0.5Σ(xA1, xB1, t) as can be easily understood from the defini-
tion of the center-of-mass coordinate. (Fig.3) (iii). For non-interacting (α = 0)
one-to-all case Σ(XA, xB1, t) ≈ 2Σ(xA1, xB1, t) hence supporting the COM ax-
iom. (Fig.4) (iv). For interacting (α > 0) one-to-one case one can see the
effect of the coupling on the entanglement dynamics.(Fig.5) (v). For special
interacting one-to-all case (α = β = γ > 0) Σ(XA, XB , t) = 2Σ(XA, xB1, t) =
4Σ(xA1, xB1, t). For this special case, the model processes a larger symmetry
and hence the clear-cut behavior of the corresponding entanglement dynamics.
This also supports the analysis in the previous section. (Fig.7) (vi). In the one-
to-all cases, as the coupling α changes from weak to strong (compared with β),
we see how the strong coupling alters the entanglement dynamics and drives the
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sudden death and revival of entanglement among constituents between different
subsystems. (Fig.7,8)
In short, the 4 harmonic oscillators case gives a concrete example illustrat-
ing the physical arguments and analysis in previous sections, lending concrete
support to the COM axiom.
5. Discussions
In this paper we try to understand MQP from the quantum entanglement
perspective by asking several key questions and suggesting some pathways to
understand them. As a background to this question we have in two earlier papers
[9, 10] asked the question, what is meant by macroscopic? – Is it the size of an
object? Its contents, as measured by the number of particles or components?
What about its composition? Here the coupling strength of its constituents
matter. What about its ‘appearance’? – in the sense that the energy scale or
precision level one probes the object matters, etc. Against this backdrop, we
ask these questions:
1) Knowing that macroscopic objects are made up of micro-constituents,
what does it mean when one refers to “the entanglement between two macro-
scopic objects”?
2) How does the entanglement between micro-constituents contribute to en-
tanglement in the macroscopic objects?
3) How to quantify macroscopic entanglement based on the entanglement
structure and dynamics of its constituents?
The partial answers we provided are, respectively, as follows:
1) One really needs to start with the entanglement between the constituent
particles. But immediately one encounters the puzzle as to what would be
regarded as constituent, since each constituent particle is made up of sub-
constituent particles. Here unavoidably a) the level of structure scheme of macro
or even meso objects enters in an essential way. When we talk about the en-
tanglement between two objects are we referring to the entanglement between
the quarks of one object with that of the other, or the molecules of each object?
31
The obvious difference between them is that quarks are strongly coupled and the
interactions among them is short-ranged while interactions among molecules are
much weaker but with longer effective interaction range.‘ Thus b) the coupling
strength of constituents should enter. Thirdly, c) Assuming that one can find a
measure of entanglement between two macro objects of a definite value, call it
E(M), and we know that their constituents fall under levels of structures, how
does one derive E(M) from the entanglements between these micro-constituents,
call them E(µ). This problem, let’s call it the “sum-rule” question, is highly
nontrivial. The quarks and gluons are strongly coupled and are expected to
have stronger entanglements, but their interaction is short ranged, thus their
contributions to E(M) may not be as high as the van der Walls force between
molecules. A measure of entanglement at the macro-level could involve some
coarse-graining of the contributions of the sub-constituents. But what is the
criteria for coarse-graining? If there is some way to express E(M) in terms of
E(µ) would the sum-rule include a weighing factor attributed to the entangle-
ment measure from each level of structure? Is there some kind of hierarchical
ordering in systemizing the weighing factors in the contributions from each level
of structure for E(µ) to add up to a finite value? These are interesting questions
worthy of further investigation. We have only some glimpses of an answer to
this question: They don’t usually add up, but depend on the coupling pattern
of the constituents and what and how different parties are entangled. This last
point is what enables one to address questions 2) and 3) below.
2) Acknowledging the complexity of what makes up a macroscopic object,
constructing or identifying a set of collective variables from the constituents in
each level of structure is therefore an essential step towards organizing their
contributions. We showed the conditions under which the center of mass of an
object plays a special role in MQP. Its distinguished role is highlighted by the
fact that the CoM variables are in general decoupled from the relative variables
and the dynamics of the CoM variables behaves differently from the relative
variables.
To understand how the coupling pattern amongst the constituents of the two
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macro objects enters into the picture, we consider two types of coupling, the 1-
to-1 versus the 1-to-all. For the 1-1 or pairwise interactions with equal strength,
the entanglement is independent of the size N of the macroscopic objects. The
1-1 interaction pattern is the only one for which the CoM and relative coordinate
couplings are effectively the same. In the 1-to-all case the relative coordinates
are decoupled and the CoM coupling scales with N. In this case we expect the
entanglement between the CoM variables to increase with increasing size of the
macroscopic objects and survive at higher temperatures. Note that this scaling
property is proven here for Gaussian systems only. We have also considered
Gaussian fluctuations around the 1-to-1 and 1-to-all patterns and shown that
these conclusions continue to hold in the presence of such perturbations in the
thermodynamic limit.
Our detailed analysis of the specific model, that between two pairs of con-
stituent oscillators [(3) below] also displays further distinct behavior of the CoM
in terms of entanglement dynamics, like the absence of sudden death of entan-
glement in the 1-to-all case, etc.
3) We pause here to compare our findings with prior work on entanglement
structure of Gaussian systems such as that carried out systematically by Adesso
and Illuminati [34, 35, 36]. In our analysis we have shown that the one-to-all
interaction pattern, when viewed in the transformed coordinates, corresponds to
only CoM-CoM interactions being non-vanishing, which moreover scale linearly
with N . This ability to concentrate the interactions between two macro object
each consisting of N oscillators into interactions between 2 modes only is related
to the results of [34]. In that paper it is shown that if a Gaussian state ofN+N =
2N oscillators is bi-symmetric, then there exists a unitary transformation which
acts on each object separately and results in 2N − 2 uncorrelated modes and 2
correlated modes, one in each object. We showed through the coupling pattern
analysis (in Sec. 3) and explicit results of a 4-oscillator system (in Sec. 4)
that these two correlated modes correspond to the CoM variables which serve
to capture the essence of the interactions between the two macroscopic objects
completely.
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Reference [34] has shown that the 1 × 1 entanglement vanishes in the limit
N → ∞, whereas the N × N entanglement diverges. This shows that 1x1
entanglement (even if summed over all pairs) is not enough to account for the
macroscopic entanglement between two objects. The localized entanglement, in
our case between the CoM variables, quantifies the total entanglement between
the two objects, and its divergence with N is consistent with our result that the
interaction strength is proportional to N.
In contrast to the one-to-all case, it can be shown that in the pairwise cou-
pling case no coordinate transformation can bring forth a ”concentration” of the
interactions between the macro objects. All transformed coordinates are still
pairwise coupled with equal coupling strengths. This does not contradict the
results of [34] however, since the pairwise coupling scheme is not bisymmetric.
As a result we can not apply the general results about bisymmetric Gaussian
states to the pairwise coupling case. In this case the CoM fails to capture the
interactions between the two objects completely.
4) Before drawing implications of these results we should make two points
clear here: A) Reference [34] considered states (equivalently, covariance ma-
trices) whereas we analysed Hamiltonians, which are more directly related to
the dynamics. However, when considering thermal states or dynamics following
initially uncorrelated states, the properties of evolved states follow closely the
properties of the Hamiltonian. Because of this our results can be related to
theirs. B) Our results in Sec. 3 addresses how the coupling strength depends
on the coupling pattern and varies with the constituent versus the collective
variables. Statements made stemming from there pertaining to entanglement
strength assume that entanglement is proportional to coupling strength. Even
though this is intuitively acceptable, the relation between entanglement magni-
tude and coupling strength remains to be made more explicit.
Allowing for this connection we may continue our discussions further: The
fact that the entanglement between two (or more) macroscopic objects coupled
in the one-to-all pattern grows as N increases (in some power or pattern) is
easy to understand: Since the one-to-all coupling is identical for all constituent
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particles, it does not matter which object the particles are the constituents of,
the partition between the two objects can be viewed as a conceptual artifact. It
can as well be regarded as the entanglement between two parts of one macro ob-
ject. One can also turn this around and introduce the entanglement between the
(CoMs of the) two halves as providing a measure of the entanglement strength
of a macroscopic object.
Furthermore, since in reality the coupling strength often depends on the sep-
aration between the constituent particles the case studied here is realized only in
short-ranged yet strongly-interacting cases, such as nucleons in a nucleus, whose
interaction is quite adequately depicted by a square well potential. Note that it
is the one-to-all pattern, rather than the strength, of nuclear interactions that
allows us to use them as an example here. Motivated by this, even apart from
MQP considerations the way how entanglement varies with coupling strength
and pattern can in principle be used to explore the entanglement entropy for
a quantum many-body system. E.g., depending on the coupling pattern the en-
tanglement entropy can scale differently with the number of particles in the
system, from which one can see how the proportionality shifts, say, from the
volume to the surface or perhaps even somewhere in between. This carries a
different meaning from the conventional one where for short-ranged forces the
entanglement entropy of a quantum many-body system is related to the surface
area of an artificially introduced partition. (For a review on this subject see,
e.g., [29]. The original area theorem found by Bekenstein for black holes is in a
more natural setting because of the existence of event horizons.) The analysis
of the one-to-all model here brings out a different facet of the problem, namely,
the coupling strength and pattern of constituents, in defining a suitable measure
of entanglement entropy for quantum many-body systems.
5) To quantify these behavior, specifically aiming at how entanglement de-
pends on how the constituents are organized by their coupling strengths and
how the CoM axiom applies to the entanglement of macro-objects, we analyzed
the entanglement structure of a four oscillator system in detail, not only in the
kinematics as is done in the two interaction patterns and in the proofs, but here
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also in the dynamics of entanglement. By assigning different strengths to the
three pairwise coupling constants we can investigate the entanglement differ-
ences between the intra- and inter- level of structures. By setting the coupling
strength between the intra-level constituents to be weak, we reproduce the re-
sults for the 1-to-1 pattern, while keeping the three coupling strengths the same
we obtain the results for the 1-to-all pattern. We verify the dominance in the
entanglement of the CoM variables by showing the existence of sudden death
in the entanglement dynamics of inter-level constituents and the persistence of
the entanglement between the CoM variables. This model continues what was
studied before in the entanglement dynamics of say two two-level atoms inter-
acting with common field modes [30, 31] or two oscillators interacting with a
common field [32, 33], but with a new angle toward issues in MQP. In terms
of practical relevance, we commented on the 1-to-all pattern above, as relating
to the entanglement entropy of a many-body system. For the 1-to-1 pattern it
can be applied to finding the entanglement in materials with layered structures,
from two BEC slabs, to graphene, even to the two strands of DNA sequences
where the DNA A(C) couples pairwise with DNA T(G). Our effort here is to
search for pathways into analyzing the entanglement structure and dynamics of
macro-objects. The field is wide open for various theoretical probings – starting
even with asking good questions – with intellectual rewards, and the results will
bear immediate practical applications.
Acknowledgment We wish to thank Dr. J. T. Hsiang for sharing his calcula-
tion results for the entanglement pattern of three coupled oscillator systems; and
R. Zhou and K. Sinha for discussions. CHC thanks the support from National
Center for Theoretical Science(South) of Taiwan. This work is supported by the
National Science Council of Taiwan under grant NSC 101-2112-M-006-003. YS
was a Visiting Graduate Fellow at Perimeter Institute in the Spring semester
of 2013. BLH thanks Professor M. C. Chu of the Chinese University of Hong
Kong and Professors Y. S. Wu and J. Q. You of Fudan University for their kind
hospitality during his visits in the Spring of 2013 when this work was carried
out.
36
References
[1] Armour A, Blencowe M and Schwab K 2002 Physical Review Letters 88
148301
[2] Marshall W, Simon C, Penrose R and Bouwmeester D 2003 Physical Review
Letters 91 130401
[3] Mu¨ller-Ebhardt H, Rehbein H, Schnabel R, Danzmann K and Chen Y 2008
Phys. Rev. Lett. 100(1) 013601
[4] Arndt M, Nairz O, Vos-Andreae J, Keller C, Van der Zouw G, Zeilinger A
et al. 1999 Nature 401 680–682
[5] Gro¨blacher, Simon and Hammerer, Klemens and Vanner, Michael R and
Aspelmeyer, Markus 2009 Nature 460 724
[6] S. Groeblacher, A. Trubarov, N. Prigge, M. Aspelmeyer, J. Eis-
ert, “Observation of non-Markovian micro-mechanical Brownian motion”
[arXiv:1305.6942]
[7] Leggett A J 2002 Journal of Physics: Condensed Matter 14 R415
[8] Chen Y 2013 arXiv preprint arXiv:1302.1924
[9] Chou C, Hu B L and Subas¸ı Y 2011 Macroscopic quantum phenomena from
the large n perspective Journal of Physics: Conference Series vol 306 (IOP
Publishing) p 012002
[10] Chou C, Hu B L and Subas¸ı Y 2011 Macroscopic quantum phenomena from
the correlation, coupling and criticality perspectives Journal of Physics:
Conference Series vol 330 (IOP Publishing) p 012003
[11] Schro¨dinger E 1935 Mathematical Proceedings of the Cambridge Philosoph-
ical Society 31(04) 555–563 ISSN 1469-8064
[12] S. Sachdev, Quantum Phase Transitions (Cambridge University Press,
Cambridge, 1999).
37
[13] See, e.g., Lorenzo Campos Venuti, Paolo Zanardi, “Quantum critical scaling
of the geometric tensors” Phys. Rev. Lett. 99, 095701 (2007)
[14] Amico L, Fazio R, Osterloh A and Vedral V 2008 Reviews of Modern
Physics 80 517
[15] Wolf A, De Chiara G, Kajari E, Lutz E and Morigi G 2011 EPL (Euro-
physics Letters) 95 60008
[16] Brian Pepper, Evan Jeffrey, Roohollah Ghobadi, Christoph Simon, Dirk
Bouwmeester, “Macroscopic superpositions via nested interferometry: fi-
nite temperature and decoherence considerations” New J. Phys. 14, 115025
(2012) [arXiv:1207.1946]
[17] Chou C H, Hu B L and Yu T 2008 Physica A: Statistical Mechanics and
its Applications 387 432–444
[18] Hu B L, Paz J P, Zhang Y et al. 1992 Physical Review D 45 2843–2861
[19] Chou C H, Yu T and Hu B L 2008 Physical Review E 77 011112
[20] Fleming C, Roura A and Hu B L 2011 arXiv preprint arXiv:1106.5752
[21] B. L. Hu, “Emergent /Quantum Gravity: Macro/Micro Structures of
Spacetime”, J. Phys. Conf. Ser. 174 (2009) 012015 [arXiv:0903.0878]
[22] Calzetta E and Hu B L 1997 Phys. Rev. D 55(6) 3536–3551
[23] Calzetta E and Hu B L 2000 Phys. Rev. D (61 ) 025012
[24] Gro¨blacher S, Hammerer K, Vanner M R and Aspelmeyer M 2009 Nature
460 724–727
[25] Raeisi S, Sekatski P and Simon C 2011 Physical Review Letters 107 250401
[26] Martins A M 2012 Macroscopic entanglement between wave-packets at fi-
nite temperature [arXiv:1210.2828]
[27] R. Simon, Phys. Rev. Lett. 84, 2726 (2000)
38
[28] G. Vidal and R.F. Werner, Phys. Rev. A 65, 032314 (2002).
[29] J. Eisert, M. Cramer and M. B. Plenio, Rev. Mod. Phys. 82, 277 (2010);
A. Camp et al, Phys. Rep. 480, 57 (2009).
[30] C. Anastopoulos, S. Shresta and B. L. Hu, “Quantum Entanglement un-
der Non-Markovian Dynamics of Two Qubits Interacting with a Common
Electromagnetic Field”, [arXiv:quant-ph/0610007]
[31] K. Sinha, N.I. Cummings, B.L. Hu “Effect of Interatomic Separation on
Entanglement Dynamics in a Two-Atom Two-Mode Model” J. Phys. B: At.
Mol. Opt. Phys. 45 (2012) 035503. Chris Fleming, Nicholas Cummings, C.
Anastopoulos and B. L. Hu, “Non-Markovian Dynamics and Entanglement
of Two-level Atoms in a Common Field”, J. Phys. A: Math. Theor. 45
(2012) 065301.
[32] Chou C H, Yu T and Hu B L 2008 Phys. Rev. E 77(1) 011112
[33] J. P. Paz and A. J. Roncaglia, Phys. Rev. Lett. 100, 220401 (2008)
[34] A. Serafini, G. Adesso and F. Illuminati, Phys. Rev. A 71, 032349 (2005)
[35] G. Adesso and F. Illuminati, New. J. Phys. 8, 15 (2006)
[36] G. Adesso and F. Illuminati, J. Phys. A: Math. Theor. 40 (2007) 7821C7880
39
